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Abstract

This thesis deals with studying a new subject of a singularity perturbed ordinary d-
ifferential equations system. It is considered the foundation base to get a differential
algebraic equations, where the concept of singularity perturbed ODEs is explained. Then
it studies the ways to deal with the perturbation parameter € through two case studies:
The first case: Is the study of behavior of solution for singularity perturbed ODEs
when perturbation parameter 0 < ¢ < 1. The above equation has been reduced by using
(The implicit function theorem) for this purpose, we obtain an equation involving the
central manifold and thus, applicate (Blow up method). Moreover, for this purpose of
obtaining a solution curve for the system (Fast-Slow system).
The second case: Is the study of behavior for perturbation parameter ¢ when it ap-
proaches to zero. In this case we get a differential algebraic equations system that
explains the relationship between the two systems. Then the bifurcation theory is ap-
plied on the last system according to singularity perturbed ODEs. In addition, sufficient
conditions for the occurrence of some types of bifurcation in the solution are given, such
as (Fold, Pitchfork, Transcritical and Hopf Bifurcation). Depending on the proof of
theories to reduce the differential algebraic equation into ordinary differential equation

using the (Implicit Function Theorem). For this purpose, proof of bifurcation that oc-
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Chapter 0

curs in differential algebraic equation in this kind of situations is depended on the nature
and behavior of the solution at the level of each state of bifurcation.

Keywords: Blow up Method, Bifurcation Theory,Singular perturbation system Differential-
Algebraic Equations
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Chapter 1

Introduction

1.1 General Review

The importance of mathematics in the study of problems arising from the phenomena,
and the increasing success with which it has been used to model situations ranging from
the purely deterministic to the stochastic , is well established.

This thesis consists of two parts of the study:

1. Application of blow up method to singular perturbation ordinary differential

equation and differential algebraic equation.

2. Application of bifurcation theory to singular perturbation ordinary differential

equation and differential algebraic equation by using blow up method.

Earlier, the study of the dynamical systems was almost certainly on looking for solutions
and the methods to find these solution. At the end of the eighteenth century (1800), the

new studies of dynamical system by Poincare began. The present study is the dynamical
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behavior of physical processes without the need to find its solutions. Presently this study,
is called the qualitative study of dynamical systems. Then concerning this study new
cases are raised, such as vector fields, flows, trajectories, topological equivalence, etc.
The field of differential equations goes back to the time of Newton and Leibniz. Leibniz
invented calculus because he realized that many of the laws of nature are governed by
what we now call differential equations [17].
The Implicit function theorem is important in this work as it will be seen. So it is
nessery to explain it.
An autonomous first order ordinary differential equation is any equation of the form:
(fi—? = f(z), (1.1.1)
where f is a vector values function which can be nonlinear. In the context of differential
equations, autonomous means that the derivative can be expressed without any explicitly
reference to time ¢. Ordinary differential equation is a very powerful tool to describe
dynamical systems. A nonlinear system is a system in which the output is not directly
proportional to the input.
Typically, the behavior of a nonlinear system is described in mathematics by a nonlinear
system of equations, which is a set of simultaneous equations in which the unknown (or
the unknown functions in the case of differential equations) appear as variables of a
polynomial of degree higher than one or in the argument of a function which is not a
polynomial of degree one.

Dealing with non linear equations is more difficult. Let us discuss the non-linear in [47]

= sin(x).
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The separation of variables leads to:

dx

sin(x)

= csc(x)dx = dt,

which can be integrated with the result:

csc(x,) + cot(x,)
csc(x) + cot(x)

t=1In

).

Even in this simple non-linear example, the behavior of the system is not easy to under-
stand from this solution but graphical analysis shows the most important properties.
Plotting a phase portrait or vector field in figure (1.1), stable and unstable fixed points
can be determined[47].

The systems dynamics in (1.1.1) corresponds to flow on the line.
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Figure 1.1: Stable and Unstable Fixed Point

To study the behavior of non linear system near a fixed point, we can linearize the
system about fixed point z, of # = f(z) = 0. Then by determining the eigenvalues, we

can describe the stability of the system around z., where
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1. If f(x*) < 0 then z,, stable fixed point, exponential decay.
2. If f(x*) > 0 then x,, unstable fixed point.
3. If f(z,) = 0 then investigations are needed.

Bifurcation theory is the study of equation with multiple solutions and the mechanism
of equilibrium is points when it is created and destroyed as the parameter varies. One
and two dimensional projections are the most important. They fall under the category
of problems called bifurcation at a simple eigenvalue.

To get an idea of what this topic is all about, let’s go back to elementary algebra and
look at the quadratic function f(z) = 2%+ +c, where c is a constant. We should realize
that the zeros of this function depends on the parameter c¢. To see this , let’s consider
the following example taken from [42]:

x2+x+c:(x+%)2+(c—1). (1.1.2)

Clearly, the item (x + %)2 is always nonnegative, so that if ¢ > }L, the expression in

(1.1.2) is always greater than zero, and the quadratic equation 2% + x + ¢ = 0 has no

real solution. If ¢ = }l, then the only solution is z = —%. Finally, if ¢ < }l, then it has

two solutions x = —% F ,/i —c.

The important point in this example is that %L is the value of the parameter ¢ at which

the nature of the solutions of the quadratic equation changes. We say that ¢ = % is a

bifurcation value because as ¢ decreases through }1, the solution x = 0 splits into two

solutions and (%,0) is a bifurcation point. Now take figure(1.3) to explain this idea [23].
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c=0 C=% =

ol

Figure 1.2: Behavior of f(x) = 22 + = + ¢ when ¢ changed.

As a result, such nonlinear phenomena are best understood as some forms of pertur-
bation of their linear approximations. The aim of perturbation theories is to determine
the behavior of the solution of equation depending on a small real valued parameter that
is simplified in some way when € = 0 as the form f.(z) = 0.

Perturbation theory was created by Rayleigh and Schrodinger. Rayleigh gives a formula
for computing the natural frequencies and modes of a vibrating system deviating slightly
from a simpler system which admits a complete determination of the frequencies and
modes. Mathematically speaking, the method is equivalent to an approximate solution
of the eigenvalue problem for a linear operator slightly different from a simpler operator
for which the problem is completely solved.

Schrodinger developed a similar method, with more generality and systematization, for
the eigenvalue problems that appear in quantum mechanics[33].

Perturbation theory is called regular if the perturbed problem for small, nonzero values

of € is qualitatively the same as the unperturbed problem for e = 0. Regular pertur-
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bation obtains a convergent expansion of the solution with respect to €, consisting of
the unperturbed solution and higher order corrections and obtains an asymptotic, but
possibly divergent, expansion of the solution, which depends singularly on the parameter
€[22] but it is called singular if it is not regular.

The analytical technique of singular perturbation theory has a long history. In recent
years it has been used in many different ways, and its importance which has been en-
hanced is, by it having been used in various fields to derive sequences of asymptotic
approximations. Each is with a higher order of accuracy than it is predecessor. Math-
ematical problems that make extensive use of a small parameter were probably first
described by J. H. Poincare (1854 —1912) as part of his investigations in celestial me-
chanics.

New analytical approaches have stimulated the development of numerical techniques for
the solution of this major class of practical problems. In (1996) [10] studied singular
perturbation problems, depending on a small parameter such that the solutions show a
nonuniform behavior as the parameter tends to zero.

Singular perturbation theory, similar to reduction methods that can be seen as the
limiting system as some dynamics become arbitrarily fast which was studied in [34] in
(1986). It has many advantages in the applications of real physical systems such as air-
craft, power systems, nuclear reactors, chemical reactors, electrical circuits, induction
motors, robots, large space flexible structures, synchronous machines, cars, and others.
Singular perturbations and time-scale techniques were introduced to control engineer-
ing in the late (1960s). They become common tools for the modeling, analysis and
design of control systems. In the control literature, the singular perturbation approach

of Tikhonov 1952 and Vasileva 1963 was first applied to optimal control and regulator
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design by Kokotovic and Sannuti 1968 and Sannuti and Kokotovic 1969 [34].

The dynamic behavior of physical processes is usually modeled via differential equations
but if the states of the physical system are in some ways constrained, for example by con-
servation laws such as Kirchhoffs laws in electrical networks, or by position constraints
such as the movement of mass points on a surface, then the mathematical model will
also contain algebraic equations to describe these constraints. Such systems, consisting
of both differential and algebraic equations are called differential algebraic systems, al-
gebraic differential systems, implicit differential equations or singular systems.

The origins of DAE theory can be traced back to the work of K. Weierstrass and
L.Kronecker on parameterized families of bilinear forms[23]. In terms of matrices, these
pencils are applied to the analysis of linear systems of ordinary differential equations
with a possibly singular leading coefficient matrix by F. R. Gantmacher[43]. The key
ideas support what nowadays is known as the differentiation index of a semi-explicit
DAE.

The study of the topological behavior of the solution of a real planar vector field
&= f(z,y)

v =g(z,y),

in a neighborhood of a singular point is one of the main unsolved problems in the quali-
tative theory of differential systems. The main technique to perform the desingulariztion
of linearly zero singular points is the blowup method. The main geometric idea of the
method arise in algebraic geometry in the context of desingularization of algebraic vari-
eties [24], where one replaces certain singular points by projective space. The resulting

variety either has no singular points anymore or one can try to repeat the blow up.
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In the context of ODEs, the classical strategy involves using a spherical blow up as
one works in real space and not in the context of (complex) projective space. The key
difference to the algebraic geometry blow up is that one also has to keep track of the
dynamics on the blown up space. There has been a tremendous amount of work on
using the blow up technique for planar ODEs [48], [11], canard solutions [13], [31] and a
large variety of other problems in the theory of multiple time scale dynamical systems
[32]. In [30] the sphere is replaced by hyperbolic space, i.e. by using a manifold with
constant negative curvature.

The desingularization theorem for planar vector fields was first stated by Bendixson in
1901. The desingularization procedure is extended to C'™ vector fields of Lojasiewicz
type in [11]. The quasi homogeneous blow up is a widely used extension of the blow up
technique. It was already used by Lyapunov but it was essentially put forward as a sys-
tematic and more powerful technique in and especially. The desingularization procedure

using quasi homogeneous blow ups was also applied in [12].

1.2 Singular Perturbation System

The study of systems of non-linear differential equations which is in general rather
difficult and an analytical description of the phase space dynamics is usually impossible.
For different classes of non linear ODEs methods are developed that can give an insight
on the behavior of the system. One of these classes is related to singular perturbation

problems. Which can be written in the form in [3]:
et = f(x,y,¢€), (1.2.1)
y = g(x7 y’ 6)7

8
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withz € R, ye R, e €c R,0<e< 1, f: RVl s Rn g Rl s R™ and
f,9 € C", r <oo. The dot is the derivative with respect to the time 7. Since € is small,
in times of order of 7 the variable = evolves slower than y.

With Perturbation methods, they generally try to write solutions of equations as power
series in a small parameter. To understand the steady state approximation, we find that
we are led to problems in which the small parameter multiplies a derivative. Field with
active research is going on these days. These problems are called singular perturbation
in order to distinguish them from the regular perturbation problems.

When the O(e) terms as perturbations are considered indeed, the approximation of
e = 0in (1.2.1) leads to a system which has a different behavior from the perturbed one.
System (1.2.1) is also called slow fast, because the set of differential equations is split
into two parts which evolve in two different time scales. In equation (1.2.1) the first m
equations evolve slower than the following n. The measure of the separation between
the two time scales is given by the parameter ¢ < 1. The class of singular perturbation
problems is rather important and it is common to find physical examples belonging to

it.

1.3 Previous Works

After the pioneering work of Dumortier and Roussarie [13], it turned out that the blow
up method is a powerful tool in the analysis of singular perturbation problems with non
hyperbolic points. By now this method finds numerous applications in the analysis of
the dynamics associated with non hyperbolic points of singularly perturbed differential

equations [13]. The blow up method is used to desingularize such singularities based
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on certain coordinate transformations. The most simple case g(0,0) # 0 in (1.2.1) is
deeply investigated by Krupa and Szmolyan, [31] with the aid of a geometric view point.
Straight forward extensions to higher dimensional cases are done by Szmolyan and Wech-
selberger [45] and by Mishchenko and Rozov [39] but if ¢(0,0) = 0, in (1.2.1) then more
complex phenomena such as canard explosion can occur if the dynamics (1.1.2) has fixed
points on a set of fold points. Such situations are investigated by [15, 13, 31] by using
the blow up method.

In many of these applications, degenerate points are blown up to spheres , however there
are also works where higher dimensional degenerate objects are blown up, for example
non hyperbolic curves are blow up to cylinders [21]. Also in [21], additional blow ups
and used used the points are treated, if a certain blow up leads to a less degenerate
problem which however still has degenerate points.

In[32] the cases that fast systems undergo a transcritical bifurcation and a pitchfork
bifurcation are studied by blow up method.

Bifurcation in DAE is not easy to study. Authors try to find a system of equations
which is in some ways equivalent to the origin at DAE system. Tan Dobson in 1992 [18§]
depended only on the constraint. Kamal . H . Yasir Al-yassiri[53] in (2007) worked on
the stability of Hessenbreg DAEs for index 2 and 3. In (2013), Ibrahim Hussien studied
Bifurcation in DAEs without reduction with application on circuit simulation[23]. Has-
san Shather in (2015) worked on the stability on DAEs by Floquet Theory.

Stability issue was been studied first by applying singular ODEs like for example author
in [28] in 1983, then generalized for DAEs depending on DAE system with regular matrix
pencil [54] in 1997. Author in [37] studied this issue depending on Lyapunov function
in 2012.

10
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1.4 Our Work

The work in [29] introduces blow up method on ordinary differential equation to study
the phase portrait of solution near singular point.In this thesis ,we generalize the work
in [29] by using the blow up method to study the bifurcation of soluton near the singular
point. The method is applied on the perturbation ordinary differential equation and dif-
ferential algebraic equation.Then by introducing the time-scale of singularity perturbed
ODEs is inroduced, and studying the cases of perturbation parameter are studied. The
first case is that when perturbation parameter € approaches to zero , a differential alge-
braic equations system(DAEs) will be obtained , then the study of bifurcation theory on
differential algebraic equations system (DAEs)will be given . The second case studies
the problem when the perturbation parameter is 0 < ¢ < 1 then we use polar blow up
method to investigate the bifurcation in singularity perturbed ODEs . The two cases
will be compared according to the procedure of the reducing model , the bifurcation

theory conditions , and the normal form of the bifurcation diagram .

Construction of this thesis

The important of the present topic under investigation is the study of singularity per-
turbed ODEs that represents a basic source for originating differential algebraic equation
(DAES).

Chapter 2, The second introduce basic definitions and important ideas that are re-

quired in the present study.

Chapter 3, The fourth states the second case is by applying the implicit function

11
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theorem to obtain reduced model from singularity perturbed ODEs when perturbation
parameter is greater than zero (i.e not equal to zero) and bifurcation theory on ODEs
is studied by using polar blow up method.

Chapter 4,The third studies bifurcation theory on reduced problem from singularity
perturbed ODEs when perturbation parameter is equal to zero , depending on directional
blow up method and implicit function theorem.

Chapter 5, The fifth chapter includes the Conclusion and future work of the present
topic.

12
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Concepts and Definitions

Some of the important definitions and concepts of differential algebraic equations are
introduced. Systems of differential algebraic equations sometimes take different forms

according to the nature of the model structure.

2.1 Differential Algebraic Equations

Differential algebraic equations (DAEs) present the state of the art in mathematical
modeling of dynamical systems approximation in all areas of science and engineering
now days. The topic is well studied from an analytic, numerical and control theoretical
point of view and several monographs are available that cover different aspects of the
subject.

The mathematical model can usually be written in the form:

F(z,5,t) =0, (2.1.1)

13
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where F': R" x R™ x I — R¥ is sufficiently smooth. If F}; is nonsingular, it is possible
to solve DAEs formally above for ¢ in order to obtain an ordinary differential equation.
However, if Fj is singular, this is no longer possible and the solution z(¢) has to satisfy

certain algebraic constraints [44].

2.2 Classification of DAE

1 Nonlinear DAEs[4]
The general form of DAE is :
F(z,9,t) =0, (2.2.1)
it is called fully implicit form. This form is nonlinear if F' is nonlinear w.r.t any

one of t, x, 9.

2 Linear DAEs[43]

The form is

F(x,5,t) = A(t)y + B(t)z + C(t) = 0. (2.2.2)

It is called linear DAEs. The DAEs in the form (2.2.2), is called linear time
invariance (LTT), when B(t) is constant matrix for all £ € R, otherwise, it is linear
time-varying (LT'V') and it is called DAE with constant coefficients when A(t) and
B(t) are constant for all £ € R.

3 Semi explicit DAEs[43]

A differential algebraic equation (2.2.1) can be written as:
i = £(t2,9) (223)

14
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0=g(t zy).
It is called semi explicit DAE form, where x represents differential variable and
y is called an algebraic variable. So the term differential algebraic equation is
sometimes used in the literature to mean the semi explicit equation (2.2.3). DAEs

of this form can also be described as an ODE with constraint.

4 Hessenberg DAEs[43]

The DAEs (2.2.1) is in Hessenberg form of size m and written as:

1:1 - fl(x07x17' o 7$m7t)
-17‘2 = f2($1,$2, o 7xm—17t)
J}i - fi(xi—laxia e 7xm—i7t)

0= fm(xm—lyt)a

Oh 02 9f

dus 0o 52, 18 invertible in a neighborhood of the

where i={1,...,m} and the matrix
solution. It is assume that f; is sufficiently smooth. Then the above Hessenberg

system of size m is a DAE of index m and is solvable ( it has at least one solution).

5 Quasilinear DAEs[43]

Quasi linear autonomous DAEs are systems of the form:

15



Chapter 2 Concepts and Definitions

where A : Wy — R™and f : Wy — R™ are sufficiently smooth mappings
respectively and W, € R™ is an open set. Many cases of application deal with

A(z) as a singular matrix.

6 Semilinear DAEs[43]
Semilinear equations comprise in particular the semi-explicit DAEs (2.2.3), since

the latter can be written as:

which is a system of the form

Az = h(x),

with = = (y,2), h = (f,g). Conversely, semi linear DAEs may be written in a

semi-explicit form.

2.3 Index of DAE

Different approaches of classifying the difficulties that arise in DAEs lead to different
so-called index concepts, where the index is a 'measure of difficulty’ in the analytical or
numerical treatment of the DAE. In this contribution, the major index concepts will be
surveyed and put in perspective with each other as far as this is possible.

Since most index concepts are only defined for uniquely solvable square systems with
m = n, this case is only studied here. The higher the index is, the more difficult it
is to solve the DAE. Therefore, it is desirable to transform the original DAE into an

equivalent DAE with lower index [35].

16
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There are several definitions for index concepts. Some of them are mentioned below:

Kronecker index, differential index, tractability index, perturbation index, geometric
index, and strangeness index. The index can become a local concept with different
values in different regions. In fact the index may even be undefined at so called singular

points, which typically exhibit impasse phenomenon.

Theorem 1. [44] If a reqular DAE (2.2.2) system with constant coefficients is consid-

ered, then two matrices U and V' exist such as :

I 0 cC 0
0 N 0 I

UAV =

where the matriz N is a nilpotent matriz i.e, there exist a positive integer K with N¥ = 0

and N*=1 £ 0.
Now the following definitions can be given:

Definition 1. (Kronecker Index) [20]: It is said that DAE system (2.2.2) has a

Kronecker index =K if A is singular. If A is nonsingular then the Kronecker index = 0.

The Kronecker index is also called the Nilpotency index. Hence the ODE has a zero

Kronecker index.

Definition 2. (Differential index) [44]: The nonlinear DAEs (2.2.1) has differentia-
tion index m, if m is the minimal number of analytical differentiations:

F(t,z,9) =0, dF(Z’f’y),.., d?(fl’tx’y) = 0, such that (2.2.1) allows us to extract an explicit

ordinary differential system by algebraic manipulations & = a(x) (which is called the

underlying ordinary differential equation (UODE).

17
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2.4 Solvability of DAEs

Definition 3. [43] A solution of (2.2.1) is a function z, : I — R" if x, € C™(I, R") is
with
F(t,x.,2,) =0,

where I denotes the open interval, R™ denotes the real vector space and C™ is the space
for all m differentiable functions from I into R". The formula (2.2.1) is called solvable

if it has at least one solution.

Since the dynamics of DAEs are constrained to a set which often is only given im-
plicitly, many theoretical and numerical difficulties arise, which may lead to a sensitive
behavior of the solution of DAEs to perturbation in the data. The difficulties are char-
acterized by main ideas for differential algebraic equations such as regularity, index,
solution subspace, or hidden constraints, which do not appear for ODEs.

The arbitrarily small perturbations deal with loss of these properties . As a consequence,
restrictions to the allowed perturbations usually have to be made, leading to robustness
questions for DAEs that are very different from those for ODEs. DAE systems are very
complex and difficult to solve, this difficulty which arises the solution is called the solu-
tion set.

Additionally, it is said that the DAE has a unique solution through z, at t, if any two
solutions , and #(t) are defined on the open intervals I and I, respectively. Both of
them comprise ty such that z(t,) = 23, = x, verify z(t) = Z(t) forallt € I 1.

The solution is said to be locally unique if the condition z(t.) = Z(t.) = . implies
x(t) = Z(t) on some neighborhood of t.. For autonomous DAEs (that is, problems of

the form (2.2.1) with F' independent of ¢, the consistency of an initial value does not
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depend on the choice of t,, and the solution set can be thought of as lying on z—space.
In many cases , the solution set has a manifold structure, solutions are uniquely defined
through every point on this manifold, and they yield a C'1—flow on it. This leads to the
solution manifold concept and to several definitions in the literature around the notions

of a solvable DAE and a regular DAE.

2.5 Reduction of DAE

Reduction is the most suitable way to deal with some formulas of DAE system like quasi
linear and Hesnberg [23].

From algebraic equations constraints, DAE can be transformed into ODE by repeating
derivations of algebraic equations g(t,z, %) = 0 with respect to, ¢ so it is easy to apply
classical theorems of ODEs.

The index reduction [38] is one type of reduction and it is the best way to reduce the

index two which is hessenberg system that it takes the form:

&= f(x,y), (2.5.1)

0= g(x).

Now the following examples to illustrate the idea of index reduction can be given:

Example 1. [23] Consider the semi-explicit DAEs system

T = f(x,y), (2.5.2)

0=g(x,y),
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differentiate the constraint g with respect to time t we get :

92T + gyy = 0.

-1

, - exist then we will get:

with g, is nonsingular if g

J=—9," 929, (2.5.3)
So the index of this system is one.

The following example discusses the difference between the semi explicit formula of

autonomous equation in (2.2.3) return and the reduced ODE system (2.5.3).

Example 2. Consider the higher index DAFE as the following

dz 9
—_— = —
dt Y

g(z,y) =0=a2+2x

we should differentiate the given semi explicit DAE more than one time to get the reduce

of this system,so another constraint will arise, which is
327 +1=0.

This case is called the hidden constraint.

2.6 Stability of DAEs

Stability concept in DAEs is identical to the stability in ODEs. But in DAEs, the clas-
sical stability method of the ODEs theorems can not be applied because of the algebraic
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constraint. These theorems can be applied after reduction of system to an ODEs. This
reduction is not sometimes easy or may be impossible. In addition, this reduction may
change the structure and the state of the stability of the original systems. The Lyapunov
stability of a system with respect to its equilibrium of interest is about the behavior of
the system outputs toward the equilibrium nearby and around the equilibrium. This

called Stability in the sense of Lyapunov|§].

Definition 4. This equilibrium is said to be Lyapunov stable, if for every € > 0, there

exists 6 > 0 such that, if [|2(0) — x.|| < d then for every ¢ > 0 there is ||z(t) — z.|| < €.

Definition 5. The equilibrium of the DAE system is said to be asymptotically stable
if it is Lyapunov stable and there exists 6 > 0 such that if ||z(0) — x.|| < ¢, then

limy o0 [|2(2) — || = 0.

Definition 6. The equilibrium of the DAE system is said to be exponentially stable if it
is asymptotically stable and there exists « > 0, 8 > 0, § > 0 such that if ||z(0) —z.| <,
then ||z(t) — z.|| < al|z(0) — x.|le?, for all t > 0.
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2.7 A Relation between SP and DAE and ODE

The singularly perturbed ODE, can directly be integrated to obtain time responses to
avoid solving the nonlinear algebraic equations. Song.X. showes possible remodel the
DAE by a singularly perturbed ODE to avoid solving the nonlinear algebraic equations
so that we can directly integrate the ODE without a reduction process and PTE (Pertur-
b and Taylors Expansion) technique is proposed to build the fast dynamics[46]. Thus,
by PTE, a DAE is converted to a singularly perturbed ODE [34, 49].

Thus an approximation of the slow dynamics of the original two-time scale system (1.2.1)
is taken € = 0 in (1.2.1) under the following conditions:

The fast dynamics is locally uniformly asymptotically stable, i.e,the fast dynamics has
all eigenvalues with strictly negative real parts.

It also implies that Jacobian 95 D' is nonsingular and all trajectories remain in the at-
tractive region of the stable equilibrium of the jacobian matrix of fast dynamics.
Under these conditions when e = 0, the dynamics of y is infinitely faster than those of
x, the singular perturbation ODE becomes DAE. The slow sub system (DAF) approx-

imates the dynamics of the original ODE system
jj = f(m7 y? 6)7

63) = g(aj7 y? 6)7

well and the dynamic behaviors of the system around an equilibrium point are charac-

terized by the reduced Jacobian matrix Jr of the form

Jr = fx - fyg_lygx~
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The solution of DAE does not always depend on the boundary or initial values.

A singularly perturbed discrete control system with two small parameters is formulated
as an initial value problem. For ordinary differential equations,initial values have to be
prescribed for all variables to determine a unique solution. In the case ¢ = 0 not all
components appear in dynamic form and some of initial values are precisely determined
by constraints. Thus, no initial values can be prescribed for them. It is always considered
to deal with smooth inner functions to obtain outer functions in the solution. With the
constraint, the outer ones can not be derivative. In the case of differential equations,
boundary conditions cannot be satisfied, in algebraic equations, the possible number of

solutions is decreased [46].

2.8 Bifurcation

Bifurcation analysis is widely used in nonlinear system dynamic studies[7]. In general,

bifurcations may occur at any point along the parameterized path.

Definition 7. [50, 51]:A bifurcation is a qualitative or topological change in the behavior

solution of a dynamical system by a small perturbation of p at a bifurcation point.

Definition 8. [46]:Bifurcation points are critical for dynamic stability analysis of nonlin-
ear systems, which deal with local properties such as the dynamic stability of equilibrium

points under small variations of parameter p.

e Stationary bifurcations involve changes in the mechanism of equilibrium point

when created and destroyed as parameter varies.

e Periodic bifurcations involve changes in the periodic solutions or limit cycle.
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As an it is illustrated in[52], the differential equation is considered as:
T = kx,
in which £ € R is a parameter. The solution can easily given as:
x(t) = exp(kt)x(0).

It obviously depends on k, but as the value of k is changed from k£ = 1 to k£ = 1.01,
there is no qualitative change in the solution. When, the value of a round zero changes,
qualitative change in the behavior can be observed. For k£ = 0 all solutions are constant
functions, for negative values of k the solutions tend to zero, while for positive values
of k they tend to infinity. All of these bifurcations can occur in continuous dynamical

systems of two or higher dimensions.

2.8.1 Equilibrium point
For the following nonlinear planar system,
&= F(z,p) (2.8.1)

where F' : R* — R?, (z,p) € R*x R. A point z, is called an equilibrium point of (2.8.1)
if f(xz.) =0.If 2(0) = x, then x(t) = x, for all times.

Some information about this subject is given[5, 14, 36, 40].

e The equilibrium point (x.,y.) is a node if the two eigenvalues A, 5 of the jacobian

matrix (J = det F},) are real and they have the same sign.

e The equilibrium point (z.,y,) is stable if the eigenvalues are negative, otherwise

it is unstable
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The equilibrium point (z.,y.)is a saddle point if the eigenvalues are real with

opposite signs.

The equilibrium point (z,,y.)is a focus ( spiral)if the eigenvalues form a complex

conjugate pair.

The equilibrium (z,, y.) is said to be hyperbolic if all eigenvalues of the Jacobian

matrix have non zero real parts.

The equilibrium point is said to be non-hyperbolic if at least one eigenvalues of the
Jacobian matrix is zero or has a zero real part, and the non-hyperbolic equilibrium
when the parameter is p = py. Then there is a bifurcation at this value of the

parameter.

2.8.2 Kinds of Bifurcation

Generally, the local stability properties of equilibria, periodic orbits are at a bifurcation.

Bifurcation is two types :

(1)

Local bifurcations [41]: They can be analyzed through changes in the local
stability properties of equilibria or periodic orbits as parameters cross through
thresholds.

Definition for some kinds of Bifurcation are given . The First three kinds depend

on the branch of equilibrium point.

Definition 9. Fold (Saddle node bifurcation)[52]: Unique curve equilibrium
points passed through the origin point. Moreover, the curve lies entirely on one

side of p = 0, in the p — = plane.
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Definition 10. Trainscritical bifurcation[52]: Two curves of critical points

intersect at the origin in the p — x plane. Both curves exist on either side of p = 0.

Definition 11. Pitchfork bifurcation[52]: Two curves of equilibrium points
intersect at the origin in the p — x plane. Only one curve = 0 exist on both sides

of p=0.

The following definition of the two bifurcations depend on eigenvalues.

Definition 12. Singularity Induced bifurcation[46]: If the jacobian matrix at
the origin J° has an eigenvalue increasing to infinity, the origin is called singularity

induced bifurcation(SIB).

Definition 13. Hopf bifurcation(HP)[46]: If the jacobian matrix at the origin
(det(DF(0) = J°) has a simple pair of pure imaginary eigenvalues and there are

no other eigenvalues with zero real part then the origin is a Hopf bifurcation point.

(2) Global bifurcations [36]: They often occur when larger invariant sets of the
systems collide with each other, or with equilibria of the systems. There is some
kinds of global bifurcation homoclinic,hetroclinic,infinite periodic bifurcation,e,t,c.

The next figure(2.1)(2.2)(2.3) to explains some kinds of bifurcation|23]:
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Figure 2.2: Transcritical Bifurcaion
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PFB

Figure 2.3: Pitchfork Bifurcation

2.9 Blow up method

Initially, the blowup method is a technique which is separately developed from the
geometric study of multiple-time-scale equations.

In mathematics, blowing up or blowup is a type of geometric transformation which
replaces a subspace of a given space with all the directions pointing out that subspace.
For example, the blowup of a point in a plane replaces the point with the projectivized
tangent space at that point. The metaphor is that zooming in on a photograph to
enlarge a part of the picture, rather than referring to an explosion.

Explicitly,the main idea is that blow up through the change of the variables is not
diffiomorphism,to a higher dimensional structure such as aline, a circle or sphere.

Then for studying the original non degenerate point one studies the new different non-
degenerate singularities will appear in a higher dimensional structure. In case that
some fixed points of the blown-up system is still non-hyperbolic, the procedure will be
repeated. Dumortier proved that this iterative process of desingularization is finite.

A blowup can also be called monoidal transformation, locally quadratic transformation,

dilatation, s-process, or Hopf map(3, 29].
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2.9.1 Polar Coordinate

We can use polar coordinate to get complectly visualized about the blow up method
where it is always singular at the origin to obtain the information of the behavior of
this solution only near an equilibrium point of reduced system. The polar coordinate
is not particularly useful to determine the phase portrait near the origin because the
desingularized the vector field in polar coordinates is a smooth extension to the singular
line represented as the equator of the phase cylinder. The following definition to explain

what is polar coordinates is:

Definition 14. [27] The polar coordinate system is a two dimensional coordinate system
in which each point on a plane is determined by a distance from a fixed point that is
called the pole (or origin) and an angle from a fixed direction. The point is represented

by the ordered pair (r, ¢) and r, ¢ which are called polar coordinates.

Relationship between derivatives in Cartesian and polar coordinates
Using x = rcos¢ and y = rsing, one can derive a relationship between derivatives in

Cartesian and polar coordinates. For a given function, u(z,y), it follows that :

o 0
Ta—_SC&—x—i-ya—y,
B B

96~ Yoz Ty

Using the inverse coordinates transformation, an analogous reciprocal relationship can
be derived between the derivatives . Given a function u(r, ¢), We have the following

formulae:

0 0o 1 0

92 —secqﬁ—r——cscqﬁagb
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0 o 1 0
(9_y = cscgﬁa + ;sec¢a—¢.

2.10 The implicit function theorem

The implicit function theorem in finite dimensions is concerned with a system of equa-

tions of the form [6]:

fi(xy, ooy Ty pry ey pr) = 0,0 =1, .oy (2.10.1)

Equation (2.10.1) can be written in vector form:
F(z,p) =0, (2.10.2)

where F': R" x R¥ — R". The Jacobian matrix for (2.10.2) is

o,
7.0) = (2 (9o 2.103)

We shall work in a neighborhood of a critical point (zg, py) € R* x RF.

Theorem 2. Implicit Function Theorem [6]: Let F' be given in (2.10.2) above,
suppose that

F(x()vp()) =0
and

detJ(zo,po) # 0 :

Then there exists a neighborhoods U of xo in R" and V of py in R* and a function
X :V — U such that for every p € V, (2.10.2) has the unique solution x = X (p) in V.
Moreover if F € C*(R") then X € C*(RF). In symbols
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X(po) = wo.
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Chapter 3

Bifurcation Theory in Singularity
Perturbed ODEs by Blow up
Method

3.1 Introduction

Fast -Slow system is ordinary differential equations (ODFE's) in which some variables
have derivatives of much larger magnitude than those of other variables. Fast-slow
systems are characterized by two different time scales, fast and slow time. The easiest
case is a separation, which splits the variables into two groups[19]. First the standard

form is considered:

dx

% =3'7=f(x,y,€), (311)
W = egle,y,e)
dt_y_egxayaea
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where f: R" X R™" X R — R", g: R" X R™ x R — R™ and typically ,0 < € < 1.
Systems (3.1.1) are equivalent with the time rescale ¢ = 7 /€. The form of singularity in
(3.1.1) suggests the rescaling 7 = et. This transform (3.1.1) to

dx

E - €f<$7y76>7 (312)
d
E%Zﬂ%%d

where t denotes the slow time and 7 represents the fast time. Along with (3.1.1) and
(3.1.2), it is convenient to consider the equivalent systems in which e is introduced as a

dummy variable ji.e. the value of € is 0 or 1 in the phase space . The systems are

ex = f(x,y,¢), (3.1.3)
y = eg(z,y,e),
e=0,
and
T = f(x,y,e), (3.1.4)
y = eg(z,y,6),
€=0.

The suitable way to analyze a fast slow system is to consider the case e = 0, we get two

formulations from (3.1.1) and (3.1.2) as the follows:

Definition 15. [29] The parameterized system of singular ODEs which is obtained by
taking the limit case ¢ = 0 on the fast time scale formulation (3.1.5), is called a fast

subsystem or fast vector field:

= f(z,y,0), (3.1.5)
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i =0.

Definition 16. [29] The equation (3.1.2) becomes at the limit case € = 0 the reduced
problem (3.1.6) which is the set of differential algebraic equation:

0= f(z,y,0), (3.1.6)

y = g(‘/'r’y? 0)7

the above formulation is called slow subsystem where f and g are sufficiently smooth

re€ R"ye R™and € € R.

Definition 17. [3] The set C' is called critical.It is the set of critical point of the layer

problem where the limit case € = 0 is taken .The critical set is referred to by C' where
C = {(z,y) € B, f(z,9,0) = 0}
if C' C R™ x R™ then it is called smooth critical manifold.

Consider the parameterized singular perturbation system (3.1.1) given by:
T = f(x,y,¢€0p), (3.1.7)

ey = g(x,y,€p),

where f,g: R> x R x R — R?, p is the parameter in k. We assume here there is
always a neighborhood for the bifurcation point where both f and g are continuous in

their common points at the neibor. Let C' be the set of critical points of (3.1.7) where
S ={(z,y,p,€) € R* x Rx R, f(z,y,p,€) = g(x,y,p,¢) = 0}. (3.1.8)
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And a function F'is defined by:

F(x,y,p,€e) = J(@y.p.€) , (3.1.9)
9(z,y,p, €)

then the solution set for F(z,y,p,€) = 0 is of equilibrium point. To arrange our work
we will consider that the origin point (0,0,0,0) is the bifurcation point of the system
for the singularity perturbation system (i.e) fo = 0 and go = 0. To find a bifurcation at
another point which is not (0, 0,0, 0), we will make shifting for the coordinates.
Bifurcation point should be non hyperbolic. Thus the Jacobian matrix f,(z,y,p,€) of
the non hyperbolic singular perturbation system should be singular, i.e Det(f, = 0), that

means the Jacobian will have a row or column with zero values. A geometric technique

to desingularize non-hyperbolic points is the blow-up method.

3.2 Polar Blow Method in Singular perturbation Sys-

tem

In [29], the polar blow up method is given on R% In this chapter, polar blow up co-
ordinate transformation on R? is given. The following definition of polar blow up for

singular perturbation ODEs:

Definition 18. Polar blow up is denoted by 1 from the manifold A = S? x I into R3

where
Y(r, ¢, €) = (rcosg, rsing, €),

where [ is an interval in R with 0 € I, and ¢ € [0, 27) parameterizes S?. The polar blow
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up of the vector field F':

F(a,y,e) = k) : (3.2.1)
9(x,y,¢€)
is denoted by £ where:
F = (DY)~ F(4(r,¢,0))), (3.2.2)
and the polar blow up of f and ¢ is:
f(r,yee) = (DY) ' o fod)(r, ,6), (3.2.3)
€g(r,¢,¢) = (DY)~ o gog)(r, ¢, ¢), (3.2.4)
where
(DY) = | cos¢p sing 0 |,
0 0 1

for r # 0 and by continuous extension of Ftor=0.F is a vector field on 52 x 1.

If Eq (3.1.1) a vector field is with J;(F) = 0 for [ € {0,1,....;k} and J, 1 (F) # 0,
where J;(F) is the Jacobian matrix forFand Ji(F) is Jacobian matrix for F. The

(rescaled) polar blowup is defined:

_ 1 -
F="F, (3.2.5)
and
f(n o, 6) = %f(rv ®, E)
90r.6.€) = ~4(r.6,0)
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Remark 1. If the map ¥ on manifold is differentiable then the push forward
W, Th — R

induces a vector field F on A = S2 x [ if we require the condition

where T4 is tangent bundle, for each smooth function ¢ is defined near the point b.

The term rescaled is introduced to emphasize that scaling by a factor 1/r* does not
change the qualitative structure of the vector field near the singularity at » = 0. However,
the times on orbits of F' and F are not comparable. The term rescaled is droped if it is
clear that we want to desingularize the vector field under consideration[29].

The construction of polar blow up can be generalized and S™~! is denoted by the (n—
1) dimensional unit sphere in R" instead of choosing an explicit polar parameterizations.
Now the following theorem which is proved in [29] for the ODEs but here we proved it

on singular perturbation theory.

Theorem 3. Let F' be a C™ vector field on R™ with F(0) = 0. Then the polar blow up

is a C™ wvector field on S"™! x I.

Proof. Define the vector field on R"
F= mii+é
i=1

T .
Qb == 5(222] — ZjZZ'>
é=1,
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where z; = {z1,22,,,2,},2; = {y1,¥2,,, Um }. Using these facts, we will show that:

r’F = (i F)i+2Y (¢, F)é+ > (¢, F) (3.2.6)

on S"tx I,
Here r represents the radial component and q§ the rotational components of the vector

field F on S"! x I.Define #, ¢ and ¢ by:

~

U (r) =71,
v.(0) = o,
(€)= €.

Auxiliary functions are defined as:

ar(r,p,e) = (1, F) = Tl (cosp f(rcosp, rsing, €) + gsingsin®(rcoso, rsing, €),

as(r, ¢, €) = (gb, F) = %(—rsingzﬁf(rcosgzﬁ, rsing, €) + rcosog(reosd, rsing, €)), and
az(r,¢p,e) = (¢, F) =0
on taking the push forward in equation (3.2.6) we get:
PF = (a1 00)i +23 (az0)d+ Y (agov)é)
F= w( (a1 0 )i +23 (s 0v)é+ 3 (a0 1)é)
Dy~ 1oFozp_ 1 ((ozloz/J T—I—QZ Qg 0 1) ¢+Z a3o¢

this equation is defined for r = 0 at 0 € R". It is known that Fi*, ¢ and ¢ vanish. When

the product rule is used «ay, oy and a3 have non linear term in Taylor expansion , oy o),
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g 01, and ag o) O‘low), 6(“§°w and 8(a3 Y) are zero. This implies that (1/r%)(ay 0 ¥),
(1/r*)(ag o) and (1/r?)(az o 1) are C™ for r = 0. Hence, the vector field (3.1.1) is a

well-defined vector field for » = 0. O

The polar blow up will be applied on following example to transform the degenerate

point to higher dimensional case as a sphere.

Example 3. Consider the singular parameterizations system

y=e(y’ — ay)

since F(0,0,0) = 0, and DF(0,0,0) = 0 then (0,0,0) is non hyperbolic equilibrium

point. We will destructuralize this point by polar blow up

= (DY)~ (F o¢)), where (3.2.7)

—sing cos¢ 0

T s

(DY)~ = | cos¢p sing 0 | ,and (3.2.8)
0 0 1

r2cos’¢
Fotv = | e(r’sin®¢ — r’cospsing) | ,then, (3.2.9)
0

f(r,,¢) —rsingcos’e + re(sin’dcosd — cos*psing)
)| = r?cos3¢ + r?e(sin®¢ — cospsin’e)

0

o Q>
—
=
<
™

—~
=
<
(@)
~—
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Since Jy(F) = 0 and Jo(F) # 0 then we will divide F by r to obtain F as the

following:
X —singcos’e + e(sin®pcosp — cos’psing) 7
_ F .
F = = rcos®d + er(sin¢ — cospsin’e) 0
0 €

If we put F =0 we get r =0 and¢:0,$%,$1—[

-1 0 0
DF(0,0,0)=1{ 0 1 0
0O 00

Hence (0,0,0) is saddle. This idea explained in figures(3.1)(3.2)
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1

!
3

Figure 3.1: a:Phase portrait blown-up vector field F

;4
AL

e

Figure 3.2: b:Phase portrait for original vector field F

3.3 Fold (Saddle node)Bifurcation in Singular Per-
turbation System

These bifurcations give rise to trajectories that make jump transitions from an equilib-
rium manifold of an € approach to zero. A fold bifurcation point is a point where a pair
of equilibria meets and disappears with a zero eigenvalue. One of the equilibria (node)
is stable while the other (saddle) is unstable.

In a Fold bifurcation, the region of attraction of the stable equilibrium point shrinks
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due to an approaching the unstable equilibrium point and the stability is eventually
lost when the two equilibria coalesce and disappear. Now consider the singularly ODEs

(3.1.7) and the equation (3.2.5) which we get it by blowing up ODEs (3.1.7) where

f(z,y,p,e)

F(x,y,p,€) =
g(x,y,p,€)

and I as given in (3.2.2). By Blow up method, the curve of equilibrium points should
satisfy the following two conditions to have Fold bifurcation around ¢ axis at the origin

point:
1. It should be to the tangent of line p = 0 at ¢ =0, i.e, p} = 0,

2. It lies entirely on one side of p = 0, i.e:
pg¢ # 0.
Theorem 4. Consider the singularity perturbation system (3.1.7) with the set of equi-
librium points S. If the following conditions hold:
1. fg # 0, and
where f as given in (3.2.3) then (0,0,0,0) is Fold (saddle node) bifurcation point.
Proof. By condition 1 above
0
FO#0,
then by implicit function theorem we have:

F(Tv gb,p(?”, ¢7 6)7 6) =0. (331)
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Eq(3.3.1) w.r.t ¢ is Differentiated, we get :

Fy+ Fi + Ey(py + pit + peé) + Feleg + €7 + €,p) = 0.
When there is evaluation at the origin, we obtain:

FO + FOp% + % = 0.
Now by applying condition 1 above and assumption fg = 0, we obtain:
o =—(fg + flea) ()" =0
Now take the second derivative w.r.t ¢ :
Fyp + Fyp + Fyp(Dg + peé + Do) + Fye(eg + €7 + €,P) + Bt + [Frg + Fppi+

Frp(pg + Dot + pe€) + Freleg + €7 + €,P)F + Fp[pgg + Dort + Doe(€g + €7 + €,P) + Iy
(DrotDre(€pt€F+€,D) +Drr )P+ [ Fppt EprF 4+ [pot+De(€g €74 €,0) + 0,7 Fpe (€467 +€,D) +
Eop (Do + e +0e€)] + Filess + €art + €sp (Do + rf +De€)Dit + (€1 + €rp (D + Dt +De€) + €1 ) 7]

+[Fog + Fot + (€5 +p (Pp + Dt + De€) + Do Fop(Dg + ot + peé) + Foe(€g + po¥ + ppp)] = 0.

Evaluating at (0,0,0,0) and substituting pg = 0 as we proved, implies:

FOy + FO% + FOp0 4 FOp% + Fleyy FO + F0% = 0,
fos + ()4 L9074 fI05s + (f) + o) + fleps) = 0.

Then depending on condition 1,it can be written:

PO = —[f% + (fO + fop2)F 4+ ((£2 + foe )P (fO) .

Last, with both conditions 1 and 2 ,it is certainly p% = (0, which ends the proof. [

43



Chapter 3 BIFURCATION THEORY IN SINGULARITY PERTURBED ODEBY
BLOW UP METHOD

Example 4. Consider the fast-slow system

i = e(y® — zy), (3.3.2)
g =—pr®+y’.
where & = g—f and 1y = %, when we apply polar blow up as the following:
_ 1 -
F=-F
r

whereF = (DY) (F 0 1)(.4.0), we obtain

= —esin’ + ecospsin’e — pcos>p + sin’pcose,

é = €rcosgsin’g — ercos’psing — prsingcos® ¢ + rsin’e,
é=0.
Since fz? # 0, f_£¢ £ 0, and g° =0 ,f% = 0,p° = 0, they cancel the second term in
condition 2 and leave it is value not equal to zero as required:

~

f(r,¢,€) = 0,and

9(r,¢,€) = 0.

Hence,if p = 0 we get two equilibrium points: (0,0,0,0), (I1,0,0,0). Finally if p > 0 then

II
)9

the following figures(3.3)(3.4) to understand this example.

there is one equilibrium point (0, %,€,p), but if p < 0 becomes (0, %, e,—p). We take,s
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Figure 3.3: Fold bifurcation for F

x

.
N
Sy
~s

Figure 3.4: Fold bifurcation for F'

3.4 Transcritical Bifurcation in Singular Perturba-

tion System(TCB)

As it is known in Transcritical bifurcation (TCB), there should be two curves passing
through the origin and that F, = 0. So we can not use the implicit function theorem,

hence we write the function F' given in (3.1.7) as bellow where the functions M and N
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are defined as following [26]:
f(x7y’p7 6) = wM(x7y7p’ 6)7

g(z,y,p,€) = xN(x,y,p,¢€),

where M : R" X R" X RXx R — R'  N: R" X R" X Rx R — R™ and p is the
bifurcation parameter, x € R™ and y € R", 0 < e < 1.

Since
f(z,y,p,e€)
F(ZL‘, Y, D, 6) = s
g(x,y,p,€)
then
xM(x7 y’ p? 0)
F(z,y,p,0) =
N (z,y,p,0)

and M(0,y,p,€) = % at t =0, N(0,y,p,€) = % at x = 0.
So z = 0 is a surface of critical points passing through the origin from side to
side of p = 0. Hence, all what we need to do is finding another surface, in M = 0 or

N = 0, passing through the origin from side to side of p = 0, ( we need to prove p? = 0. )

In this section, we consider x = rcos¢, y = rsing, ¢ = € and the non hyperbolic

pointisp=0,r=0,p=0,e=0.

Theorem 5. Consider the singularity perturbation ODEs (3.1.7) with the surface of
equilibrium point S. If

1. fi=o0,
2. f(gp #0, and
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then (0,0,0,0) is a Transcritical bifurcation point.

Proof. Consider the function M(r,¢,p,€) = fs. Since fgp # 0 then by defining the

function M :
Mp(ry ¢7p7 6) 7£ 07

and by implicit function theorem:

M(T’, ¢,p(7“, ¢7 6)7 6) = 07

Differentiating w.r.t ¢, we get:

My(r, ¢, p, €)+ M, (r,0,p, €)7 4+ My(1r, P, €)(pg +pr (1, D, €)7 +pe(r, D, €) (€ + €7+ €pp) = 0.

If we evaluate at the origin,and because of fg =0, we get:

Foo(r,d.p,€) + [3,(r, 0,0, )pY(r, &, €) + foeel(r, ¢, p) = 0.

Then by conditions 2 and 3, we get:

py(r,d.€) # 0

which ends the proof. O

3.5 Pitchfork Bifurcation in Singular Perturbation
System

To get a pitchfork bifurcation at the origin we need to find two surfaces of critical points

passing through the origin. One is from side to side of p = 0 and the other should be put
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entirely in one side of p = 0, i.e , pg =0 and pgﬁqﬁ # 0. The following theorem formulate

the conditions of Pitchfork bifurcation to be occurred.

Theorem 6. Consider the singular perturbation system (3.1.7) with the surface of equi-

librium point S. If
130,
2. fo, =0,
5. 3, #0,
b fus 0,
then (0,0,0,0) is a pitchfork bifurcation point.

Proof. Consider the function M(r, ¢,p,e) = f, which is given in section (3.4). Since
fgp = 0 so by definition of the function M :

Mp(ra ¢7p7 6) 7£ O

Then by implicit function theorem:

M(r, ¢, p((r,¢),€) =0, (3.5.1)

which can be differentiated w.r.t ¢.

M¢(7’, ¢>p<7a> ¢)7 6) + MT(T7 ¢7 p(ra ¢)7 E)T/ + Mp<rv (ba p(ra ¢)7 6)(p¢<7'7 ¢7 6) + pr(ra ¢7 6)7;)+

M (e + €7 + €,p) = 0.
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If we evaluate at the origin, we get:
fj&ﬁ(’f’, ¢7p7 6) + .fd())p(ra ¢7p7 €, )pg(ra (b’ 6,]9) + .ﬁgeegﬁ(r? ¢7p7 6) =0.
By conditions 2 and 3, we get
0 —
p(j)(ru 9257 6) = 0.

it is kept to prove pg(b # 0. To do so we differentiate (3.5.1) two times w.r.t ¢ :

M¢¢+M¢¢rr/+M¢p (p¢+pr¢é+peé)+M¢e(€¢+6r7ﬁ+€pﬁ+pe)+MT72+[Mrzz)"i_MrrT{_'_Mrp(pd)_'—prf_'_peé"i_

M. (€7 +epP) 4 My [PpptDein T +DrF +(ProtDee )+ Mg+ Mpy 7'+ My (po+p, 1)) o +pr7] = 0.

If we evaluate at the origin then:

Pls = —1fooe + (or + Top)(fg,) "
Hence by conditions 2 and 4 above, we get:

which ends the proof. O

3.5.1 Hopf bifurcation

Hopf bifurcation (HB) does not yield any changes in the number of equilibrium points.
Hopf bifurcations are characterized by an equilibrium manifold of an (e = 0) along com-

plex eigenvalues of the fast field at the equilibrium cross the imaginary axis transversally
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and no other eigenvalue with zero real part and the stability of the critical point are
lost through its interaction with a limit cycle. There exist two types of Hopf Bifurcation

depending on the nature of the interaction with a limit cycle [46]:

e Subcritical HB: an unstable limit cycle, existing prior to the bifurcation, shrinks
and eventually disappears as it coalesces with a stable equilibrium point at the bi-
furcation. After the bifurcation, the equilibrium point becomes unstable resulting

in growing oscillations.

e Supercritical HB: a stable limit cycle is generated at the bifurcation, and a stable
equilibrium point becomes unstable with increasing amplitude oscillations, which

are eventually attracted by the stable limit cycle.

To study Hopf bifurcation we consider blow up method and equation

d

d_f:j;:f<x7y7€)a
== eglap.0)
o = U =cg(,y.9),

where f : R" x R™ x R — R", g : R" x R™ x R —™ In this case we can talk
about vector fields around critical points. These vector fields can be got by considering

eigenvalues given by characteristic polynomial:
L(X\) = det(J — \),

where [ is the identity matrix and J is the Jacobian matrix evaluated at critical

point. If we constraint our work in three dimensional space, then we can write:

fx - >\ fy fs
det(J — \I) = det 9o Gy =N e =N +TN - D)=0, (3.5.2)

0 0 0—A
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where T is the trace of the matrix J and D is its determinate. The following theorem
which is gives a sufficient conditions which for (7, ¢, €.) which are an equilibrium point

in (3.1.2) to undergoe a Hopf bifurcation.

Theorem 7. Consider singular perturbation system (3.1.7) if:

L. f¢(r*,¢*,p*, 6*)§T(T*,¢*,p*,€*) - f¢(7“*,gb*,p*,6*)(§T(T*,¢*,p*,e*) > 0,

2' f¢(r*7 ¢*’p*’ 6*) + g(ﬁ(r*) ¢*7p*7 6*) - Oa
then (7, x, Dx, €x) is a Hopf bifurcation point.

Proof. If we consider the Jacobian matrix for (3.1.2) at the origin point, then we get
a trace T'(r, ¢« Dx, €x), which equals zero by condition 2 above. And the determinate
D(ry, ¢u, Px, €4), which is greater than zero by condition 1. Hence (3.5.2) should have two

pure imaginary roots. [
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Chapter 4

Bifurcation Theory in Differential
Algebraic Equations System By
Blow up Method

4.1 Introduction

The dynamics of a large systems can be modeled by parameter dependent (DAEs) of

the form :
i = f(z,y,p) (4.1.1)
0=g(z,y,p).

Where (z,y) € R™ x R™ and the state z is directly defined by f while the variables y
are such the system that satisfies the constraints g. The parameter p € R! is defined as

a specific system configuration and the operating condition.
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Standard bifurcation theorem deals with the study of the stability of ODEs that moves
from equilibrium point to equilibrium as the parameters of the system are slowly chang-

ing . Let C be the set of equilibrium points of (4.1.1) where
C = {(z,y,p,0) € R* X R x R, f(z,y,p,0) = g(z,y,p,0) = 0}. (4.1.2)
And define a function F' by:

Fle.y.p.0) = fy,p.0) | (4.13)

g(x,y,p,0)

4.2 Directional Blow up in Differential Algebraic E-
quations

In order to simplify some of the calculations, we introduce another description of the
blowing up construction . We will see in directional case how it depends on DAE
system. Here we rescall different strategy and give theorems and an example to explain
this case.In [11], the directional blow up is given on ODEs. Now we give the following

definition for blow up on DAEs.

Definition 19. Let F' be a vector field as defined in (4.1.3) with F'(0) = 0. Define the
map u; : R — R? by
,ui(l‘7 Y, O) = (l’, xy, 0)7

where i = 1,2. Then directional blow up of F' is defined by (4.1.3):

Fi(L y,0) = ((Dp;) o F o p)(x,9,0), (4.2.1)
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and the directional blow up of DAE (4.1.1) is:
Fi(@,y.0) = (Dps) ™" o f o i) (,y,0), (4.2.2)

§(@,9,0) = 0 = (D)™ o g o ) (., 0). (4.2.3)

If J(F)(0) =0 forl € {0,1,....k} and Jy1(F)(0) # 0, where J; is jacobian matrix

for F' and J,, is jacobian matrix for F* where

F'(z,y,0) = =Fy(z,y,0), (4.2.4)

SHE

which defines the rescaled directional blowup in direction z, and
7i L2
f (x7 Y, O) - ;f (l‘, Y O)

§'(z,y,0) =0=—=g"(z,y,0).

S N

Example 5. Consider the DAE system

i = 2% — 2y,

0 =y?—2zy.
In the x—direction, one gets:
P 1110 a?=22%y | | a(l-2y),
rT| -z 1 x%y? — 22%y 3y(y —1).
In y—direction becomes
P 1 i by ?y? =2zy | | 3x(r—1),
y10 1 y? — 2zy? y(1 —2z),

54



Chapter 4 BIFURCATIO THEORY IN DAEs OBTAINING FROM SINGULARITY
PERTURBED ODE

The following lemma explain the relation between polar bowing up and directional

blowing up.

Lemma 1. [29] The directional and polar blow up methods are equivalent. Then a

sufficiently small V' € R%is given. We can find U C S' x (—3,00) s,t. Fand F' are

29
equivalent up to a diffeomorphism

cC:U—YV.

given by C(r, ¢) = (rcoso, tang).

zz-directional blow-up

ﬂ]'. f
Iy _/}// ey | |
i [
o = e
polar blow-up — —
q"‘1| lr'“_

z1-directional blow-up

Figure 4.1: phase portrait to explain the equivalece between F and Fi

In this chapter we apply directional blow up method to get some types of bifurcation.

95



Chapter 4 BIFURCATIO THEORY IN DAEs OBTAINING FROM SINGULARITY
PERTURBED ODE

4.3 Fold Bifurcation in DAEs

In this section, we extend bifurcation theory to a system of differential algebraic equation
(4.1.1) which will be reduced by blowing up method. The reduced equation is given by
(4.2.2) and (4.2.3). For this, we need the following assumptions:

1. (0,0,0,0) is an equilibrium point i.e.f*(0,0,0,0) = g*(0,0,0,0).
2. f4(0,0,0,0) = g.(0,0,0,0) = 0.
3. f£.(0,0,0,0) # 0.
The next lemma give guarantee for the origin point in (4.1.1) to be a bifurcation point.

Lemma 2. [26]Suppose that fi,(0) # 0 or f;,(0,0,0,0) # 0 and assumption 2 above,
then the origin is bifurcation point of (4.1.1).

The following theorem proves the origin point which is fold bifurcation by applying

directional blow up on DAESs systems.

Theorem 8. Consider the DAE system (4.1.1) with the set of equilibrium points C. If
the following conditions hold:

1 3,(0,0,0,0) # 0 and,
2 3.,(0,0,0,0) #0,

where §' as defined in (4.2.4). Then (0,0,0,0) is a saddle node (Fold)bifurcationpoint.
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Proof. Lemma (2) guarantee that (0,0, 0, 0) is bifurcation point. By the above condition
1
Fy #0,

then by implicit function theorem, we have:

F'(2,y, pla,y)) = 0. (4.3.1)
Differentiate (4.3.1) w.r.t x, we get :

Fy + (Fyy + Fy(ps + py) = 0.

Evaluating at the origin, we obtain:

F7(0,0,0,0) 4 £(0,0,0,0)p,(0,0,0,0) = 0.

Now by applying condition one above and the assumption 2 (g%(0,0,0,0) = 0), we
obtain:

p=(0,0,0,0) = —7.(0,0,0,0)7,(0,0,0,0)" = 0
Now take the second derivative w.r.t x :
Paw + Doy + Pyd + (Do + Pyy)J] + [pe + DY [Fly + iy + Fi(po + pyg)] = 0.

Evaluating at (0,0, 0,0) and substituting p,(0,0,0,0) = 0 as we proved, implies:

F;,(0,0,0,0) + F;(0,0,0, 0)§ + Fip.w(0,0,0,0) + Fip,(0,0,0,0)5 = 0,
7:.(0,0,0,0) + (3(0,0,0,0) + gip,(0,0,0,0))4 + gipz(0,0,0,0) = 0,
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then by condition one above, we can write:
P22(0,0,0,0) = —[74,(0,0,0,0)+(7,(0,0,0,0)+3.p,(0, 0,0,0))j+((g;(0,0,0,0)](g;(0,0,0,0)) .

Finally, with both conditions 1 and 2, it is certainly p..(0,0,0,0) # 0, which ends the
proof. ]

4.4 Transcritical Bifurcation in DAEs

In this section, we apply the conditions of this kind of bifurcation on directional blow
up. We write the function F* given in (4.2.4)where the functions U and V are defined

as:

fi(z,y,p,0) = z2U(x,y, P,0),
§'(z,y,p,0) = 2V (z,y,p,0).

Since

. fiz,y,p,0) zU(z,y,p,0)
F(2,y,p,0) = | * = 7
9'(,y,p,0) zV(z,y,p,0)
and U(0,y,p,0) = %—J: at x =0, V(0,y,p,0) = %—9: at x = 0.
So x = 0 is a surface of critical points passing through the origin from side to side

of p = 0. Hence, all what we need to do is finding another surface, in U = 0 or V =0,

passing through the origin from side to side of p = 0, (we need to prove p,(0,0,0,0) # 0.)

Theorem 9. Consider the DAE system (4.1.1) with the surface of equilibrium point C.
If

1 g.(0,0,0,0) =0,
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2 §:,(0,0,0,0) # 0, and
3 7,.(0,0,0,0) #0,
then (0,0,0,0) is a Transcritical bifurcation point.

Proof. Consider the function V(x,y,p,0) = g, . Since g;p # 0, then by definition of the

function V:
Vo(z,y,p,0) # 0.

And by implicit function theorem:
V(z,y,p(z,y),0) =0,
then we differentiate w.r.t x.
Va(w,y,0) + Vy(2,y,0)0 + Vi (2, 4,0, 0) (P + py(2, 9)9) = 0.
If we evaluate at the origin,and by conditions 2 and 3:
.,(0,0,0,0) + g.,(0,0,0,0)p,(0,0,0,0) = 0

So
p2(0,0,0, O) # 0

which ends the proof. ]

4.5 Pitchfork Bifurcation in DAEs

To get a pitchfork bifurcation at the origin, we need to find two surfaces of critical points

passing through the origin . One is from side to side of p = 0 and the other should be
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placed entirely in one side of p = 0, i.e ,p,(0,0,0,0) = 0 and p,,(0,0,0,0) # 0. The

following lemma formulate the conditions of Pitchfork bifurcation to occur.

Theorem 10. Consider the DAE system (4.1.1) with the surface of equilibrium point
C.If

1 g.(0,0,0,0) =0,

2 41,(0,0,0,0) £ 0,

3 3.,(0,0,0,0) =0,

4 54,(0,0,0,0) # 0,

then (0,0,0,0) is a pitchfork bifurcation point.

Proof. Lemma (2) guarantee (0,0,0,0) which is a bifurcation point. Consider the func-
tion V(z,y,p,0) = g, (see section(4.4)). Since g.,(0,0,0,0) # 0 then by definition of
the function V' :

Vp(w,y,p,0) #0.

Then by implicit function theorem :
Vi(z,y,p(z,y),0) =0, (4.5.1)
which can be differentiated w.r.t x:
Val@,y,0,0) + Vy(z,y,p,0)§ + Vy (2, 4,0, 0)(pa (2,4, 0) + py(z,y,0)5) = 0.
If we evaluate at the origin we get:
7.,(0,0,0,0) + g.,(0,0,0,0)p,(0,0,0,0) = 0.
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By conditions 2 and 3, we get:
p:(0,0,0,0) = 0.

It can be proved that p,,(0,0,0,0) # 0, to do so we differentiate (4.5.1) two times w.r.t

X

Vaw + Vi) + Vap(pz + Dy + Vi + [Viw + Vi) + Vi (02 + i+
V;g[pm + Payy + py?j + (yp. + pyy?j)g] + [V;?:c + Vi + V;op(Px + Pyy)] [pe + py?ﬂ =0.

If we evaluate at the origin then:
P2(0,0,0,0) = =[5,,(0,0,0,0) + (g4, (0,0,0,0) + i,p,(0,0,0,0))5](g,)(0,0,0,0) .
Hence by conditions 2 and 4 above, we get:
Pax(0,0,0,0) # 0,
which ends the proof. O
Example 6. Consider the DAE system
&= —xy’,

0=py -y’

By applying directional blow up we get:
T = —xYy — pryY + TY,
0=py—1y’
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There are two curves of equilibrium points passing through the origin,one is (0,0) and

the other is (0, F+/p). The first one exists on both sides of p = 0 and the other exists on

one side only. (0,F/p) should satisfy p = 0 and p3, # 0.
To understand pitchfork bifurcation by blow up method we made figures(4.1)(4.2).
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Figure 4.2: a:Pitchfork bifurcation by blow up method

Figure 4.3: b:Pitchfork bifurcation for F

4.6 Hopf bifurcation in DAEs

As it is known this type of bifurcation occurs at a point where the system has simple

pair of purely imaginary eigenvalues (A = iw) and no other eigenvalue with zero real
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part. If we constraint our work in three dimensional space, then we can write:

fw_)‘ fy
Gz gy_)‘

det =N -TA+ D=0, (4.6.1)
where 7' is the trace of the matrix J and D is its determinate. Then the two eigenvalues

of this system are given by:

TFVT?—-4D
2

Ao = (4.6.2)

The following theorems give sufficient conditions for (z.,y.,0) which are equilibrium

points in (4.1.1) to undergoe a Hopf bifurcation.
Theorem 11. Consider the index one DAE (4.1.1) if:
1 £4(0,0,0,0) + g4(0,0,0,0) = 0.
2 fi(0,0,0,0)g:(0,0,0,0) — fi(0,0,0,0)g(0,0,0,0) > 0
then (0,0,0,0) is a Hopf bifurcation point.
Proof. From condition one above, we get a trace:
7(0,0,0,0) = f1(0,0,0,0) 4 g,(0,0,0,0),
which equals zero. The determinate:

D(0,0,0,0) = £2(0,0,0,0)g,(0,0,0,0) — f1(0,0,0,0)g%(0,0,0,0),

which is greater than zero by condition two. The Substitute is in (4.6.2) the result is

hold. Hence (4.1.1) should have two pure imaginary roots. O
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Conclusion

In this study, It is shown that the differential algebraic equation (DAFEs) can be studied
through the singular perturbed system by blow up method.

The classical theorems of bifurcation can be applied to (DAFs). The known kinds of
bifurcation:

fold, transcritical, pitchfork and hopf are investigated for DAEs by using directional
blow up method and Implicit Function Theorem.

Also the case 0 < € < 1 is carefully dealt with so as to show that bifurcation which occurs
in singularity perturbed ODEs by using polar blow up method and Implicit Function

Theorem.
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Future Work

This study can be generalized by looking at the following subjects on the singularity
perturbed ODEs:

e Applying singular induced bifurcation on singularity perturbed ODEs by using
blow up method.

e Studying the periodic orbits of singularity perturbed ODEs and then applying
the global bifurcation kinds such as (homoclinic, hetroclinic, period doubling and
blow-sky bifurcation) by depending on Tilkinov Theory for limit cycles of the

Hamitolian system,

e Applying double bifurcation theory on singularity perturbed ODEs of order two

with changing the order of time scale,

e Try to the reduced model of singularity perturbed ODEs by using the integration
methods and using the resulting equation in control system by using the application

of engineering, physics processes.
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